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Abstract. From the Levi's Theorem it is known that every finite dimensional Lie algebra over a 
field of characteristic zero is decomposed into semidirect sum of solvable radical and semisimple 
subalgebra. Moreover, semisimple part is the direct sum of simple ideals. In [5] the Levi's theorem 
is extended to the case of Leibniz algebras. In the present paper we investigate the semisimple 
Leibniz algebras and we show that the splitting theorem for semisimple Leibniz algebras is not true. 
Moreover, we consider some special classes of the semisimple Leibniz algebras and find a condition 
under which they decompose into direct sum of simple ideals. 
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1. Introduction 

Due to Levi's theorem the study of finite dimensional Lie algebra over a field of characteristic zero 
is reduced to the study of solvable and semisimple algebras [5J. From results of we can conclude 
that the main part of solvable Lie algebra consists of the maximal nilpotent ideal. The classification 
of semisimple Lie algebras has been known since the works of Cartan and Killing [5j. According to 
the Cartan-Killing theory the semisimple Lie algebra can be represented as a direct sum of simple Lie 
algebras. 

The notion of Leibniz algebras have been first introduced by Loday in [7] as a non-antisymmetric 
generalization of Lie algebras. The last 20 years the theory of Leibniz algebras has been actively 
studied and many results of the theory of Lie algebras have been extended to Leibniz algebras. Until 
now a lot of works are devoted to the description of finite-dimensional nilpotent Leibniz algebras [2]- 
[4]. However, simple and semisimple parts are not studied. It is because the notions of simple and 
semisimple Leibniz algebras are not agreed with corresponding the classical notions. In fact, in non-Lie 
Leibniz algebra L there is non-trivial ideal, which is a subspace spanned by squares of elements of the 
algebra L (denoted by /). Therefore, in [I] the notion of simple Leibniz algebra has been suggested, 
namely, a Leibniz algebra L is called simple if it contains only ideals {0}, /, L and square of the algebra 
is not equal to the ideal /. In the case when the Leibniz algebra is Lie algebra, the ideal / is trivial 
and this definition agrees with the definition of simple Lie algebra. Obviously, the quotient algebra by 
ideal / of simple Leibniz algebra is simple Lie algebra, but the converse is not true. 

From an analogue of Levi's theorem for Leibniz algebras [5] the description of simple Leibniz algebras 
immediately follows. In the present paper we present the same description but with another proof. 
Moreover, we introduce a notion of a semisimple Leibniz algebra (algebra whose solvable radical is 
coincided with /) and investigate such algebras. Note that Leibniz algebra is semisimple if and only 
if quotient Lie algebra is semisimple. In particular, we find some sufficient conditions under which 
an analogue of splitting theorem for semisimple Leibniz algebras is true. In addition, an example of 
semisimple Leibniz algebra, which is not decomposed into a direct sum of simple Leibniz ideals, is 
given. 

Actually, there exist semisimple Leibniz algebras (which are not simple in general) for which the 
quotient algebra is simple Lie algebra. So, we call such algebras Lie-simple Leibniz algebras. According 
to this definition the natural question arises - whether an arbitrary finite dimensional semisimple 
Leibniz algebra is a direct sum of Lie-simple Leibniz algebras. We show that the answer to the 
question is also negative, we give a counterexample. 

Finally, for some special classes of semisimple Leibniz algebras we give sufficient conditions under 
which these classes decomposed into a direct sum of the Lie-simple Leibniz algebras. More precisely, 
we consider a semisimple Leibniz algebra consisting of the direct sum of the classical three dimensional 
simple Lie algebras sl2- 
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In this paper all algebras and vector spaces are considered over a field of characteristic zero and 
finite dimensional. 

We shall use symbols: +, © and + for notations of direct sum of vector spaces, direct and semidirect 
sums of algebras, respectively. 

2. Preliminaries 

In this section we give necessary definitions and preliminary results. 

Definition 2.1. An algebra (L, [•, •]) over a field F is called a Leibniz algebra if for any x,y, z £ L the 
so-called Leibniz identity 

[x, [y,z]] = [[x,y],z] - [[x,z],y] 

holds true. 

For a given Leibniz algebra L we define derived sequence as follows: 

L 1 = L, Ll n+1 ] = n>l. 

Definition 2.2. A Leibniz algebra L is called solvable, if there exists m £ N such that L\ m ^ — 0. The 
minimal number m with this property is called index of solvability of the algebra L. 

Let us recall Levi's theorem for Lie algebras. 

Theorem 2.3. [BJ. For an arbitrary finite dimensional Lie algebra B over a field of characteristic 
zero with solvable radical R, there exists semisimple subalgebra G such that B — G+R. 

Further we shall need in the following splitting theorem for semisimple Lie algebras. 

Theorem 2.4. [BJ. An arbitrary finite dimensional semisimple Lie algebra is decomposed into a direct 
sum of simple ideals and the decomposition is unique up to permutations of summands. 

In [BJ it is shown that for Leibniz algebra L the ideal I ~ id < [x, x] \ x £ L > coincides with the 
space spanned by squares of elements of L. Note that the ideal I is the minimal ideal with respect to 
the property that the quotient algebra L/I is a Lie algebra. 

According to [BJ a three-dimensional simple Lie algebra is said to be split if the algebra contains 
an element h such that ad h has a non-zero characteristic root p belonging to the base field. It is 
well-known that any such algebra has a basis {e, /, h} with the multiplication table 

[e,h]=2e, [f,h} = -2f, [e,f] = h, 
[h,e] = -2e, [h,f} = 2f, [f,e] = -h. 
This simple 3-dimcnsional Lie algebra denoted by s/2 and the basis {e, /, h} is called canonical basis. 
Note that any 3-dimensional simple Lie algebra is isomorphic to s?2- 

Here is the result of [TU] which describes simple Leibniz algebras whose quotient Lie algebras are 
isomorphic to s?2- 

Theorem 2.5. Let L be a complex finite dimensional simple Leibniz algebra. Assume that the quotient 
Lie algebra L/I is isomorphic to the algebra sl2- Then there exist a basis {e, /, h, xq, x\, ■ ■ ■ ,x m } of L 
such that non-zero products of basis elements in L are represented as follows: 

[e,h)=2e, [Kf]=2f, [e,f] = h, 

[h,e] = -2e, [f,h] = -2f, [f,e]=-h, 

[xk, h] — (m — 2k)xk, < k < m, 

[xk,f]=Xk+i, 0<k<m-l, 

[xk, e] = — k(m + 1 — k)xk—i) 1 < k < to. 

In [TU] Leibniz algebras (they are not necessary to be simple) for which the quotient Lie algebras 
are isomorphic to SI2 are described. Let us present a Leibniz algebra L with table of multiplication in 
a basis {e, /, h, x\, . . . ,x? t ., 1 < j < p} which is not simple, but the quotient algebra L/I is a simple 
HDJ: 

[e,h]=2e, [h,f]=2f, [e,f] = h, 

[h,e] = -2e, [f,h] = -2f, [f,e] = -h, 



xi^] = (t j -2k)xi, 0<k<t 
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[xi,f]=xi +1 , 0<k<t 3 -l, 
[4. e] = -Hh + 1 - k)4-v l < k < tj- 
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where L = sl2 + h + h + ■ ■ ■ + Ip and Ij = (x{ , . . . , a?j. . ) , 1 < j < p. 

Note that the above presented Leibniz algebras are examples of non-simple but Lie-simple Leibniz 
algebras. 

Now we define a notion of semisimple Leibniz algebra. 
Definition 2.6. A Leibniz algebra L is called semisimple if its maximal solvable ideal is equal to I . 

Since in Lie algebras case the ideal / is equal to zero, this definition also agrees with the definition 
of semisimple Lie algebra. 

Obviously, for the sets of n-dimensional simple {SimpL n ), Lie-simple (LieSimpL n ) and semisimple 
(SemiSimpL n ) Leibniz algebras the following embeddings are true: 

SimpL n C LieSimpLn C SemiSimpL n . 

Although the Levi's theorem is proved for the left Leibniz algebras 5^ it also is true for the right 
Leibniz algebras (we considering right Leibniz algebras). 

Theorem 2.7. [5] (Levi's Theorem). Let L be a finite dimensional Leibniz algebra over a field of 
characteristic zero and R be its solvable radical. Then there exists a semisimple subalgebra S of L, 
such that L = S+R. 

From the proof of Theorem [577] it is not difficult to see that S is a semisimple Lie algebra. Therefore, 
we have that a simple Leibniz algebra is a semidirect sum of simple Lie algebra S and irreducible right 
module /, i.e. L = S+L. Hence, we get the description of simple Leibniz algebras in terms of simple 
Lie algebras and its ideals /. For example see the algebras of Theorem 12.51 

Definition 2.8. A nonzero module M whose only submodules are the module itself and zero module 
is called irreducible module. A nonzero module M which is a direct sum of irreducible modules is said 
to be completely reducible. 

Further we shall use the following classical result of the theory of Lie algebras. 

Theorem 2.9. [BJ Let G be a semisimple Lie algebra over a field of characteristic zero. Then every 
finite dimensional module over G is completely reducible 

Here is an example of simple Leibniz algebras constructed in pQ. 

Example 1. Let G be a simple Lie algebra and M be an irreducible skew-symmetric G— module 
(i.e. [x,m] — for all 1 6 G,m £ M). Then the vector space Q = G + M equipped with the 
multiplication [x + m, y + n] = [x, y] + [to, y], where m,n € M, x, y € G is a simple Leibniz algebra. 

3. The main results 

As it was mentioned above from Theorem 12. 71 it follows that any simple Leibniz algebra is presented 
as a semidirect sum of a simple Lie algebra and the ideal /. 

Below we give another proof of the description of simple Leibniz algebras without using Levi's 
theorem. 

Theorem 3.1. Let L be a finite dimensional simple Leibniz algebra. Then it has the construction of 
the Example 1 for G = L/L and M = I. 

Proof. Let L be an algebra satisfying the conditions of theorem. It should be noted, that the ideal J 
may be considered as a right L/i-module by the action: 

to * (a + L) = [to, a] , 

where m G /, a + L E L/L. Since L/L is a simple Lie algebra then by Whytehead's Lemma [B] we have 
H*(L/I,L) = 0. 

J.-L. Loday [S] established that there exist the following natural bijection: 

Ext(L, M) = HL 2 (L, M). 
Recall a result of T. Pirashvili [5J, which says the following: 

Let g is semisimple Lie algebra and M is right irreducible module over g such that H 2 (g,M) = 0. 
Then HL 2 (g,M) = 0. 

Let now L — L' © L is a direct sum vector spaces, where L' = L/I is a simple Lie algebra. Since 
ideal / is contained in right annihilator of the algebra L then we have [V , L] = and [I, i] = 0. Due to 
simplicity of Leibniz algebra L we derive that the ideal J is irreducible L/7-module. Using Pirashvili's 
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result we have HL 2 (L/I,I) = 0, but the condition = HL 2 (L/I,I) = Ext(L/I,I) is equivalent to 
L = L/I+I. □ 

Let us investigate the case of semisimple Leibniz algebras. Let L be a semisimple Leibniz algebra. 
Similarly to the case of simple Leibniz algebras we can establish that L = L/I + 1. It is known the 
result on decomposition of semisimple Lie algebra L/I into a direct sum of simple Lie ideals. Moreover, 
we have that L/ 1- module / is completely reducible and hance, ideal / is decomposed into a direct sum 
of irreducible submodules over the Lie algebra L/I. 

Taking into account these results for semisimple Leibniz algebras it seems that the following con- 
clusion is true for Leibniz algebras case: 

Conclusion. An arbitrary finite dimensional semisimple Leibniz algebra is decomposed into direct 
sum of simple ones. 

Let L be a finite dimensional semisimple Leibniz algebra. Then according to Theorem 12.71 we 
have L = S+I, where S is a semisimple Lie algebra and [I, S] = I. From Theorem 12.41 we get S = 
Si ffi S 2 ffi ■ • • ffi Sk, where Si, ( 1 < i < k) is a simple Lie algebra. Thus, we have 

L = (Si © S 2 © • • • © S k )+I. 

Let us introduce the denotation Ij = [I, Sj] for 1 < j < k. 

Lemma 3.2. The following are true: 

a) I = h+I 2 + ---+h; 

b) Ij is an ideal of L for all j (1 < j < fc); 

c) Ij = [Ij,Sj] for all j (1 < j < k); ' 

d) Sj + Ij is an ideal of L for all j (1 < j < k) 

Proof. Since I is an ideal of L then Ij — [I, Sj] C I for all j. Hence, I\ + I2 + ■ ■ ■ + Ik Q I- 
From 

I = [I, S] = [I, Si © S 2 © • • • © &] C [I, Si] + [7, S 2 ] + • • • + [I, S k ] = h + 12 + ■ ■ ■ + h, 

we have the correctness of the statement a) . 

The proof of the statement b) follows from property [Sj, Sj] = Sj and we have 

[Ij , L] = [[I, Sj],L] C [I, [Sj,L]] + [[I, L], Sj} = 
= [I, [Sj, (Si © S 2 © • • • © S k )+I}\ + [[I, (Si © S 2 © • • • © S fc )+/],Sj] c 
C [I, [Sj, (Si © S 2 © • • • © Sk)}} + [[I, (Si © S 2 © • • • © S k )],Sj] C 
C [I, [Sj, S 3 }} + [I, S 3 } c [I,S j ] = I j . 
Since from b) we have that Ij is an ideal of L, we obtain [Ij, Sj} C Ij and from 
Ij = [I, Sj} = [I, [S 3 ,Sj}} C [[/, S^, Sj} + [[I, Sj}, Sj} = [Ij,Sj], 

we get [Ij, Sj] — Ij. So, the statement c) is also proved. 
From the following equalities: 

[Sj + Ij,L] = [Sj + I 3 , (Si © S 2 © • • • © S k )+I] = 

= [Sj, Si © S 2 © • • • © S k ] + [Ij, Si © S 2 © • • • © S k ] = Sj + Ij, 

[L, Sj + Ij] = [(Si © S 2 © ■ ■ • © S k )+I, Sj] = [Si © S 2 © • • • ffi S k , S j] + [I, Sj] = Sj + Ij, 

we get that Sj + Ij is an ideal of L. Thus, the part d) is also proved. □ 
The following example shows that the Conclusion is not true in general. 

Example 2. Let L be a semisimple Leibniz algebra such that L — (sl 2 ffi sl 2 )+I, where I = I\ ffi I 2 
and [Ii,sZ|] = [I 2 ,sl\] = 0. Moreover, ii = I lti ffili, 2 ,l 2 = I 2 ,i ffi h, 2 , where I\ } \ and Ji )2 are 
irreducible s^-modules. Respectively, I 2 ,\ and 7 2j2 are irreducible sZf-modules. Then, using the result 
[TU] we conclude that, there exists a basis {ei, hi, /1, e 2 , h 2 , f 2 , Xq, x{, . . . , a^.}, (1 < j < 4) such that 
multiplication table of L in this basis has the following form: 



[4,4] : 



[ei, K] = 2e i5 [f h K] = -2f u [e<, fa] = hi, 

[hi, e^ = -2ei [hi, fi] = 2fi, [f i: a] = -hi, i = 1,2. 



:j ' 



\h,sl\]: [4:/l]=4+l> 0<k<tj-l, 

[x J k , e x ] = -k(tj + 1 - k)xi_ v l<k< t jt j = 1, 2. 
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H ,H = (tj -2k)x{, < k < t 3 , 

[h,a%] : [4, f 2 ] = x{ +1 , 0<k<tj-l, 

[xi,e 2 ] = -k(tj + 1 - k)x{_ 1 , l<k< tj, j = 3,4. 

where J M = {zj, . . . , x t \ }, Ji, 2 = {zg, . . . ,x?J, J 2 ,i = {^o, • • • > x t 3 } and J 2,2 = {x%, . . . , xfj . 

Evidently, the algebra L is semisimple and it is decomposed into the direct sum of two ideals 
s/j+^i.i © ^1.2) an d sZl+fib 1 © ^22)) which are not simple Leibniz algebras, but there are Lie-simple 
Leibniz algebras. 

Example 2 shows that in case of Ij is reducible module over a simple Lie algebra Sj, then the 
Conclusion is not true. Now we consider the case of Ij is an irreducible module. First we prove the 
following lemma. 

Lemma 3.3. Let L be a semisimple Leibniz algebra such that L = (sZ 2 ©S')-i-I J where S is an arbitrary 
simple Lie algebra. Let I is irreducible over sla, then [I,S] = 0. 



Proof. Let diml — m + 1, then similarly as in the proof of Theorem 12.51 we have the existence of basis 
{e, /, h, xq, x±, . . . , x m } of sla + I such that table of multiplication has the following form: 

[xi, h) = (to — 2i)xi, < i < to, 

[xi,f]=x i+ i, 0<i<m-l, 
[x^ e] = — i{m + 1 — i)xk-i, 1 < i < m. 

Let {yi, 2/2, • • • j Un} is a basis of algebra S. We set 

[xo, Dj] = ^2 a k ,jX k , 1 < j < n. 

k=0 

Consider the Leibniz identity 

[[xo,Vj],f] = [xo, [Vj,f]} + [[xo,f],Vj] = [xi,Vj]. 

On the other hand 

m m — 1 

[[xo,Vj],f] = a k,j x k, f] = ^2 a k,jX k+1 . 

k=0 k=0 

Hence, we get 

m — 1 

[ x i,Vj] = a k,j x k+i, 1 < j < n. 
From the equalities [[x^ yj], f] = [xj, [y 3 ,f]] + [[xi, f],y 3 ], we obtain 

[xuVj] = ^2 a k,j x k+i, < i < to, 1 < j < n. 

k=0 

Consider the Leibniz identity 

[[xo,yj],e\ = [x , [yj,e\] + [[x ,e],yj] = 0. 

On the other hand, 

m m 

[[xo,yj],e] = (y] ak,jX k , e] = J~] k(-m - 1 + k)a k ,jX k -i. 

k=0 k=l 

We obtain a^j = 0, for 1 < i < m, 1 < j < n and we can assume that 

[xi 1 yj] — ctjXi, < i < m, 1 < j < n. 

Using the Leibniz identity, we have 

[ x i, [VjiVk]] = [[xi,Vj],yk] - [[xi,Vk],yj] = [ajXi,y k ] - [a k Xi,yj] = a k a k Xi - a k a k x. t =0. 

Taking into account the property [S,S] = S and arbitrariness of elements {xi,yj,y k } we get 
[I,[S,S]] = [7,5] = 0. ' " □ 

In the following Theorem we show the trueness of the Conclusion under some conditions. 
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Theorem 3.4. Let L be a semisimple Leibniz algebras such that L = (s^® 5 ^!©' • -®sl 2 1 ®Sk)+L. Let 
Ij is irreducible module over sl 2 for j = 1, k — 1 and Lk is irreducible over Sk- Then L is decomposed 
into direct sum of simple Leibniz algebras, namely, 

L = (sll+h) ffi (sll+h) © • • ■ © (sl^+h-i) © (S k +L k ). 

Proof. By Lemma I3T21 it is known that sV 2 + Lj and Sk + Ik are ideals of L. Since Lj is irreducible over 
sl 2 , then by Lemma 13.31 we obtain [Lj, sl\] — for all i,j {i ^ j). 
Thus, we have 

[sP 2 + I, sl j 2 + Lj] = 0, i ^ j, 1 < i,j < k - 1. 

Moreover, from Lemma [3.31 we have [Li, Sk + Lk] =0 for 1 < i < k — 1. In order to complete the 
proof of theorem it is necessary to establish the equality [L k , sl ] 2 ] = 0. 

Let us assume the contrary, i.e. [Ik, sl 2 ] ^ 0, for some j (1 < j < k — 1). Since Lk is an ideal of L 
and Lk C /, then we have [Lk, sl 2 ] C Lk- 

From 

[L k ,sl 2 ] = [[/, Sk],sl 2 } C [/, [S k , sl 2 ]] + [[/, 3l 3 2 ],S k ] = [I s , Sk] C J,-, 
we obtain , s/j] • 

Hence, we get Lk n /j ^ 0. Since Lk fl /j is an ideal of the algebra L, then it can be considered as 
the right module over sl 2 and Sk- Due to Lj and are irreducible, we have Lk (1 ij = /j = Lk- From 
[Ij, Sk] = we derive [Ik, Sk] — 0, but it is a contradiction with condition 

[Ik,S k ]=h- 

Therefore, we have 

[I k ,sl{]={). 

Thus, we get that [Sk + Ik, sl 2 + Ij] = [sl 2 + Ij, Sk + Ik] = 0, which leads that the Leibniz algebra 
L is decomposed into direct sum of simple ideals. □ 

In Example 2, it is shown that if Lj is reducible over Sj, then the semisimple Leibniz algebra is not 
decomposable to direct sum of simple ideals. However this algebra is decomposed into direct sum of 
Lie-simple algebras. 

Naturally arises a question: whether any semisimple Leibniz algebras can be represented as a direct 
sum of Lie-simple Leibniz algebras. 

The following example gives the negative answer to this question. 

Example 3. Let L be a 10— dimensional semisimple Leibniz algebra. Let {ei, h\, f\,e 2 ,h 2 , f 2 ,x\,x 2 , 
xz,x±\ be a basis of the algebra L such that / = {x\,x 2 ,xz,x^\, and multiplication table of L has the 
following form: 

r ii jii l^ij hi] = lei, [fi^hi] — 2/^, — hi, 

1 2 ' 2j 1 [hi,ei] = -2e; [h h /<] = 2/,, [/,, e<] = -h t , i = 1, 2, 

[22, fri] = -£2, 

[X 4 , /ll] = -X4, 

[%3, h 2 ] = -x 3 , 
[X4, hi] = -Xi, 

(omitted products are equal to zero). 

From this table of multiplications we have [L, sll] — [L, sl 2 ] — L. Moreover, L splits over sl 2 (i.e. 
/ = {xi,x 2 } ffi {xz,xa}) and over sl 2 (i.e. / = {21,2:3} © {2:2,2:4}). Therefore, 

L = (sll © sll)+I ^ {sll+h) © (slj+h). 

Below we find some types of semisimple Leibniz algebras which are decomposed into a direct sum 
of Lie-simple Leibniz algebras. 

Let L be a semisimple Leibniz algebra such that L = (sl 2 © 5)4-/, where S is a simple Lie algebra. 
Let Li = [L, sl 2 ] be an irreducible over sl 2 , then according to Theorem [23] the module ii is a completely 
reducible, i.e. ii = h^i ffi h i2 ffi • • • ffi h, p , where Jx,i is irreducible over sll- 

Let us consider the case of p — 2. 

Proposition 3.5. If ' diml\,\ ^ diml\, 2 , then L = (sl 2 +h) ffi (54-/2 )■ 



Xl,fl] 


= x 2 , 


[xi,hi] 


= X\, 


[x 2 ,ei] 


= -xi 


X3J1] 


= Xi, 


[X3,h{] 


= x 3) 


[xa, ex] 


= -X3 


Xl,f 2 ] 


= x 3 , 


[xi, h 2 ] 


= Xl, 


[x 3 ,e 2 ] 


= -xi 


.X 2 ,f 2 ] 


= 2:4, 


[x 2 , h 2 ] 


= x 2 , 


[Xi, e 2 ] 


= -x 2 
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Proof. Let I\ = © I\ t 2, then there exists a basis {e, h, /, xj, x}, . . . , x\ x , Xq, x\, . . . , xf 2 } of sl 2 + /i, 
such that 

H^ h ] = - 2fc K> 0<fc<i j; 
[7i,sZ 2 ]: [4>/]=4+i> 0<fc<t,-l, 

[x£, e] = -fc(tj + 1 - fc)4_ 1; 1 < k < tj, j = 1, 2. 

where J M = {x\, . . . , x t \}, h a = {x%, . . . , x\ }. 

Without loss of generality we can assume that t\ > t 2 . 
Let {2/1,1/2, ■ • ■ , y m } be a basis of the algebra S. 
We put 

2 % 

[4,yi] = EE a i4, i<*<2. 

j=l r=0 

Consider equalities 

- [4, + [[4,2/1],/] = EE^X'/i = EE «i,r<n- 

j — l r—0 j—1 r—0 

On the other hand 

[[xo,f],yi] = [x\,yi]. 

Hence, we get 

2 tj-\ 

[4,2/l] = EE a l,r4+l- 

From equalities 

[4,yi] = [[4-i>/]>yi] = [4-i, [/, 2/1]] + [[4-1,2/1],/] 

and induction we derive 

2 tj - fe 

j=l r=0 
ti-k 

[4. %] = El a lr4+fc' *2 + 1 < k < *1- 

Consider the products 

[[4,e],2/i] = [4> [ e >2/i]] + [[4,J/iL e ] = [[4>yi]> e ] = 

2 tj 2 tj 

= EE "W- e ] = E E «i,r(-r(*j + 1 - 0)4-1- 

j — 1 r—0 j — l r— 1 

On the other hand 

[[4: 4 2/1] = o- 

Comparing the coefficients at the basis elements, we obtain 

a{ r = 0, 1 < j < 2, 1 < r < tj. 

Thus, we have 

[4,yi] = a 1; o4 +"i,o4. 0<fc<t 2 , 

[4: 2/1 ] = <4,o4> *2 + 1 < < *1- 

Similarly, from the products [[4,/],j/i] for < fc < t 2 ~ 1 and [[x§,e],j/i] we obtain 

[x 2 k ,yi\ = a 2 , 4 + a 2,o4. 0<fc<t 2 , 

Consider 

[[4 2 >/]>yi] = [4 2 J/>yi]] + [[4 2 ,?/i],/] = [a 2 , 4 2 +"l,o4 2 >/] = 4,o4 2 +i- 

From the equality [4 2 > /] = we obtain a\ o = 0. Thus, we get 

[4,2/i] = ai.o^fe) 0<k<t 2 . 

Consider the products 

[[4, ft], yi] = [xj, [ft, j/i]] + [[xj, yi], ft] = [a\ 4 + a? 4; ft] = ti<4o4 + i 2 a? , 4- 
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On the other hand 

[[xl,h],y{\ = = t\a\ Q xl + tta^xl. 

Comparing the coefficient at the basis elements, we have (ti — £2)0^1,2 = 0. The condition t\ ^ t 2 , 
implies 0:1,2 = 0. 

Thus, we can assume that 

[x\,yi] = «i,i^fc) 0<k<h, 
[xl,yi] = a 2 ,ixl, 0<k<t 2 . 
In a similar way as above we obtain 

[x\,yj] = a hj x l k , l<i<2, 0<k<U, 1 < j < m. 

Consider the equalities 

[ x fc> [2/p>2/<?]] = [[ x ki Vph Vq] ~ Vi x \i Vq]> Vp] = [ a i,p x ki Vq) ~ [ a i,q x \i Vp\ ~ a i,p a i,q x k ~ °^i,q a i,p x k = 0- 
Taking into account the property [S, S] = S and arbitrariness of the elements {x\, y P ,y q } we obtain 
[I,[S,S\] = [I,S\ = 0. 

Moreover, [I 2 ,sl 2 ] — 0. Indeed, 

[h,sh] = [[h,S],sl 2 ] C [I 2 ,[S,sl 2 }} + [[I 2 ,sl 2 ],S] = [[I 2 ,sl 2 },S] C [h,S] = 0. 

Thus, we have proved that the semisimple Leibniz algebra L is decomposed into the direct sum of 
two Lie-simple Leibniz algebras, i.e. L — (sl 2 +Ii) © (S+I 2 ). □ 

Let L be a semisimple Leibniz algebra such that L — (sll © sl 2 © . . . sl\ © sl 2 _1 © Sk)+I and 
Ij is a reducible module over sl 2 . Then the module Ij is a completely reducible over sl 2: i.e. 7j — 
Ij t i © © ■ • • © Ij, Pj , where Ijj is an irreducible over sl 2 . 

We generalize the above Proposition 13.51 and define types of semisimple Leibniz algebras which are 
decomposed into direct sum of Lie-simple ones. 

Theorem 3.6. If dimlj >r 7^ dimlj yq for any 1 < j ' < k — 1, 1 < r, q < pj, p ^ q then 

L = (sll+h) © (sll+I 2 ) © • • • © (sl^+h-i) © (S'fe+ifc)- 
Proof. In order to prove theorem it is sufficient to prove 

[sl{ + Ij,Sk + h] = [Sk + h,sl{ + Ij] = 0. 

Without loss of generality, we can suppose j = 1 and I\ = i^i ffi ii >2 © • • • © Ii :P . Let 
{e, h, /, Xq, x\, . . . , x\ t , Xq, xf, . . . , xf 2 , . . . Xg, x\, . . . , be a basis of sl\ + I\ such that 

[x j h ,h] = {tj-2k)x j k , 0<k<t j7 
K=/]=4+i> 0<fc <*, -!, 

[4, e] = -fc(t; + 1 - fc)4-i> 1 < fc < *i> 

where Jij = {a^, . . . , x\. }, 1 < j < p. 

Since diml\. r ^ diml\^ then without loss of generality we can assume that t\ > t 2 > ■ ■ ■ > t p . 
Let {yi,y 2 , . . . ,y m } be a basis of Sk- Put 

p h 

[ X 0,Vl] = J2J2 a ir X r> l<i<P- 

j=l r=0 

Similarly as in the proof of the Proposition 13.51 considering Leibniz identity 

[[xlf\,m] = [xk>U>m]] + [[*lvi]>f\, 

we obtain 

j=l r=0 

p~q —k 

[ X k>yi\ =X!E "l.r^J 1 < 9 <P~ *p-5+l + 1 < fe < tp-q- 
j=l r=0 

Consider the equalities 

[[xl,e],yi] = [xl, [e,yi\] + [[xl,yi],e] = [[xj,j/i],e] = 
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p tj p tj 

= EE a W' e i = ^2^2°(A~ r ( t ^ + 1 ~ r ))4-i- 

j — 1 r— j— 1 r— 1 

On the other hand 

[[^,e],yi] = 0. 

Comparing the coefficients at the basis elements, we get 

oi >r = 0, l<j<p, l<r<t 3 . 

Thus, we have 

p 

fat) yi] = X! a i,i x fc' ° < fc < V 

3=1 

p-g 

[ x krVl] = ^2 a l,j x ki 1 - 9 < P- 1, *p-g+l + 1 < fc < *p-l- 
3=1 

Consider the equalities 

p p 

[[^o.^.yi] = [ x o> [^.yi]] + [No>yi]>/i] = [X] a i,3 x o'^ = J2^ a h x o- 

3=1 3=1 

On the other hand 

p 

[fco) &]>S/i] = [hxl, yi] =h^2 aljOcP Q . 

3=1 

Comparing the coefficient at the basis elements, we have (t\ — tj)aij = 0. The condition t\ ^ tj 
implies that aij = for all 2 < j < p. 

Thus, rewriting the index of the coefficients, we obtain 

[<4>2/i] = ai,ix\, < k < h, 

Similarly we obtain 

[ x h Vj] = a i,j x k) 1 <i<P, < k < ti, l<j<m. 
Consider the products 

l x i> [VpiUq]] = [K> ~ [[ x k>Vi]iVp] = [ a hP x l>y<i\ ~ [ a i,q x l>y P ] = an, p a iiq xl - ai, q cn, p x % k = 0. 
From the arbitrariness of elements {x k , y p , y q } and condition [Sk,Sk] = Sk we have [7i, [5fc,5fe]] = 

[ii,sy = o. 

From 

[I k , sli] = [[4, S k ], sh] C [J fcl [5*, sli]] + [[7 fcj slU S k ] = [[4, 4], S k ] C [Ii,S fe ] = 

we get [JfcjS^] = 0. 
Thus, we obtain 

[4 + Ij, Sk + h] = [S k + h, sP 2 + Ij] = 0. 

□ 

Analyzing the proof of the Theorem 13.61 we obtain the result, which generalize the Example 3. 

Theorem 3.7. Let L be a semisimple Leibniz algebra such that L = (sh © S)+I and I\ = [I, sh] is a 
reducible over sh- Let I\ = I\ \ © I12 © • • ■ © L\ p , where Iij is an irreducible over sh- If 

dimlij 1 = dimlij 2 = . . . dimli.j^ — t + 1, 

then there exist (t+1) pieces of s- dimensional submodules h.i,h,2, ■ ■ ■ h,t+i of module h = [I,S] (i.e. 
dimh^i = s, 1 < i < t + 1) such that 

h,i + ha + • ■ • + h,t+i = Ii H I%- 



10 



S. GOMEZ - VIDAL, B.A. OMIROV AND A.KH. KHUDOYBERDIYEV 



Proof. Let L satisfies the condition of theorem. Without loss of generality we can assume that 

dimlii = dimli.2 — ■ ■ ■ = dimIi tS = t + 1. 
Analogously as in the proof of Proposition 13.51 considering the Leibniz identities for the products 

[[xlJlVj] = [4> [/>%]] + [[ x l >%]=/]> 
[[4,eLyj] = [xl, [e,Vj]] + [[xi,Vj],4, 
[[xl,h],yj] = [ x li [h,Vj]] + [[xl,yj],h], 

we obtain 

s 

[ x k>Vj] = ^2 a j,r x h 
r=l 

where < k < t, 1 < i < s, 1 < j < m. 

From these products it is not difficult to see that 

ii.j {•'•;••'•; (o<j<t) 

are s-dimensional submodules of I2 over S. □ 

Finally, we remark that a semisimple Leibniz algebra is decomposed into a direct sum of Lie-simple 
ones if and only if I p n I q = {0} for any p ^ q (in denotations of Lemma 13.21) . 
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